Abstract. We prove that cuspidal Siegel modular forms of degree two and weight 2k are uniquely determined by their Fourier coefficients on small subsets of matrices of content one. This generalizes results of Breulmann, Kohnen, Katsurada, Scharlau and Walling. We give applications to the space of SaitoKurokawa lifts.
Introduction and statement of results
Cuspidal Siegel modular forms of degree n and weight k are uniquely determined by their Fourier coefficients, which are parametrized by the set X n of positivedefinite n-by-n half-integral matrices. For various purposes, it is important to determine principal separators, that is, small subsets of X n such that any two distinct forms of S n k have at least one different Fourier coefficient supported on the separator.
Since Hecke's time it has been known that Hecke eigenforms for SL 2 (Z) are separated by the set P of primes. That is, two eigenforms of weight k with Fourier expansions with identical prime-index Fourier coefficients are identical. A set that separates Hecke eigenforms we call a separator. The strong multiplicity-one theorem [3] further refines this fact to an arbitrary level. The complement S c in P of a finite set S of primes is a separator. More generally, one wants principal separators, that is, sets S ⊂ N such that if h ∈ S k with a h (s) = 0 for s ∈ S, then h = 0. To simplify notation we drop the index in the case n = 1. To be a Hecke eigenform is a very strong auxiliary condition for separation. For example, the set S c coming from the strong multiplicity-one theorem is not known to be a principal separator, although it is a separator (for eigenforms).
It is more difficult to obtain non-trivial separation results for Siegel modular forms, since eigenvalues and Fourier coefficients are not as directly related as in the case of elliptic modular forms. For example, for Siegel modular forms of degree larger than one, no multiplicity-one theorem is known. Before stating our theorem we recall what is known in the degree 2 case. For Siegel modular forms of even weight k for the Siegel modular group Sp 2 (Z) the following result was given by 4168 BERNHARD HEIM Breulmann and Kohnen [2] . The set (1.1)
S BK := l T | l ∈ N square-free and T ∈ X 2 primitive is a separator. To prove this, Breulmann and Kohnen twisted by grossencharacters an identity of Andrianov between the spinor zeta function and the Koecher-Maass series. Certain functional equations and a converse theorem of Imai gave the result. This result was reproved by Katsurada [5] and Scharlau and Walling [11] . Their argument, in contrast to that of Breulmann and Kohnen, is purely algebraic and is based on combinatorical properties of Hecke operators. This argument also works for congruence subgroups and higher genus. Nevertheless, the criterion of the theorem of Breulmann and Kohnen for deciding whether two Siegel Hecke eigenforms of degree 2 are the same is the sharpest to date. All these papers make essential use of the assumption that the cuspforms to be compared are Hecke eigenforms. Without this condition the separator has to be larger. In a different direction, for fixed k, finite sets of principal separators have been given by Poor and Yuen [7] .
Let ω be the arithmetic function ω(m) := #{p prime : p|m} and let x be the largest integer less than or equal to x. Let We have two remarks. Remark 1. The theorem implies the result of Breulmann and Kohnen [2] , as it is valid for all cusp forms and as the primitive T = n r 2 r 2 m ∈ X 2 with coprime m and n are a subset of S BK .
Remark 2. The result of [2] only compares Hecke eigenforms F, G, and in particular assumes that
, where (p, n) = 1 and t ≥ 2. Our theorem shows that these two conditions can be dropped.
The proof of the theorem has two main ingredients. It is built on the restricted modified derivatives of the Siegel form and on a sharp result for a principal separator of elliptic forms. The first ingredient is at the moment only available for level one [4] , since questions on new and old Siegel modular forms and on the number of derivatives needed to determine the form are delicate. As pointed out by the referee, the second ingredient can be given in a much more general form. Since the result is interesting in its own right, we give one version of it. More refined results can be obtained by employing results of Ono and Skinner [6] , Ramakrishnan [10] and Rajan [9] .
Let N ∈ N and k ≥ 2. We denote by S k (Γ 0 (N )) the space of cusp forms with respect to
We let S k (Γ 0 (N )) new be the subspace of newforms. Then we have Theorem 2. For a positive integer k ≥ 2 and N ∈ N the set
In level one, of course, all cusp forms are new. In the last section we consider the subspace of Saito-Kurokawa lifts in S 2 k . We determine an explicit principal separator which distinguishes lifts but is small enough to fail to be a principal separator of the entire space of Siegel modular forms.
Proof of the theorems

Proof of Theorem 2. Let g be a non-trivial element in
new of primitive newforms with Fourier coefficients a(n) and a j (n). Up to ordering, we can assume that
For a prime p with (p, N ) = 1, consider the Hecke operators
We fix a prime p 2 with (p 2 , N) = 1 such that a 1 (p 2 ) = a 2 (p 2 ); then the n-th Fourier coefficient of
This expression is equal to
Iterate this procedure with different prime numbers p j (see Lemma 24 of [1] for the existence). Eventually, we obtain F d = α 
where the sum runs over all
Then it follows from our construction that there exists for every p ∈ P g an h p ∈ N with h p |p 1 · . . . p d such that a(h p · p) = 0. Let ω(m) := #{p prime : p|m}. We have shown that the set
Proof of Theorem 1.
We denote by S n k the space of Siegel cusp forms of weight k and degree n with respect to Γ n := Sp n (Z) and use the special notation in the case of degree 2. As usual we also use the parametrization (n, r, m) for T . The content of T is the greatest common divisor of n, r and m. When the content of T is one, T is primitive. For the convenience of the reader, we recall some defintions and notation.
Definition. Let N ⊂ X n . The set N is a separator for a subspace V of S n k when, for Hecke eigenfunctions
We say N is a principal separator if the same conclusion holds without assuming that F, G ∈ V are Hecke eigenfunctions. Moreover let F |N denote the subseries given by the Fourier coefficients indexed by N .
Recall a result of [4] : Let p k,2ν be the ultraspherical polynomials, i.e.,
Then the derivative
is an element of Sym 2 S k . For F = 0, there is a ν with 0 ≤ ν ≤ k 10 such that D 2ν F = 0. This property makes it possible to obtain the claim of the theorem via properties of elliptic cusp forms.
is a principal separator for S k . This follows from the construction of N k and the well-known fact that for a primitive Hecke eigenform f ∈ S k there exist infinitely primes p such that a f (p) = 0. Let
We show that this is a principal separator of Sym 2 S k . Let (f j ) j be as above and
, and show that F = 0. Let
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For any n ∈ N k , for every j,
since N k (n) is a principal separator of S k . Apply the same argument again to obtain α i,j = 0 for 1
Since dimS This proves the claim of the theorem.
Saito-Kurokawa lifts
Now consider the subspace SK k of Saito-Kurokawa lifts of cuspidal Siegel modular forms of degree 2, also called the Maass Spezialschar [13] . We determine an explicit principal separator which distinguishes lifts but is too small to be a principal separator of the entire space of Siegel modular forms.
For a positive even integer k, the space SK k can be defined in the following way via properties of Fourier coefficients. There are other equivalent definitions if we have an eigenform with respect to the underlying Hecke algebra. Since we drop the Hecke eigenfunction assumption, we prefer the following definition.
Definition. For an even positive integer k,
We can assume that the weight k is even, since otherwise SK k is trivial. This principal separator is optimal in the sense that it separates Saito-Kurokawa lifts, but it is too small to separate the entire space of Siegel modular forms of degree 2. (n, r, p) ∈ X 2 (n, p) = 1, n square-free, and ω(n) ≤ k + 2 12
is a principal separator of the space SK k of Saito-Kurokawa lifts.
Finally, we have a special case: (1, r, p) |r ∈ Z and r < 4p ∪ (q, r, p) ∈ X 2 q prime (q, p) = 1 .
